Control Lec. 3

Block Diagram

There are occasions when there is interaction between the control loops and, for the
purpose of analysis, it becomes necessary to re-arrange the block diagram configur-
ation. This can be undertaken using Block Diagram Transformation Theorems.

Block Diagram Transformation Theorems include many rules and these rules are:

1. Combining blocks in cascade

3. Moving a summing point behind a block

éf_ G |— ) G+%
G

3. Moving a summing point ahead of a block

—f ol = G
| T e

+

4. Moving a pickoff point behind a block

G e | G [T
[ 1 ]
G

5. Moving a pickoff point ahead of a block

e el

-—

&. Eliminating a feedback loop

- & - 00 . T _GCJH I
— -+
:

Asst. Lec. Haraa Raheem

Page 1



Control Lec. 3

= (G mmmmdp 000, i I

H=1

7. Swap with two neighboring summing points
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poinks

. Moving &
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al a block
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summing
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a block
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Table (3.1) Block Diagram transformation theorems
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Ex1: Find the transfer function of the following block diagrams

R — ¥ G, > G, C R G,G, C
- ii Hy —

Hz - | H1+H2
C G1G2 G1G2
- = R >C
R 1+G1G2(H1+H2) 1+G1G2( H1+H2)

EX2: Find the transfer function of the following block diagrams

Gy
S C
G. 0. | -

Hy

H,

Step 1: Combine all cascade blocks using Transformation 1.

) XA

Step 2: Combine all parallel blocks using Transformation 2

——-7
-+
E-O— -

Step 3: Eliminate all minor feedback loops

+ Gie‘
GG ) 1= G\GH,

4]
E

H,

Step 4: Shift summing points to the left and takeoff points to the right of the major loop,
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R +/\ G]G‘ G.+ G C Bt r~\ G,G‘(G,+G.) C
T G]GQH] " ’ T GIG‘Hi
H’ H!
G1G4(G2+G3)
1-G1 G4H1
R — 1 G1G4(GZ+G) — C
1-G1G4H1 2

G1G4(G2 + G3)
T— G1 GAH1
G1G4(G2 + G3)
T— G1 GAH1

| O

Rq4

H,
Ex3: For the system represented by the following block diagram determine:

Open loop transfer function
Feed Forward Transfer function
control ratio

feedback ratio

error ratio

closed loop transfer function

N o o M w0 D oRE

characteristic equation

R + .\ +/\ K 1 C
\J 'T s+ 1
8

0.1

Sol: First we will reduce the given block diagram
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LR K, — / T+Ke+1
s+1
01
1. Open loop transfer function Bl _ =G(s)H(s) =—2K
- Op p E(s) T (1+K)s+1
. C(s) _ K
2. Feed Forward Transfer function @:G(s) = et
__ K
3.control ratio C(S): G(s) = (HK)SJI?
R(s) 1+G(s)H(s) 401 s
B G H 0.1K
4. feedback ratio (S) (S)H(S) (1+K)S+1
R(S) 1+G(OH(S)  1+01 ey
5. error ratio E(S) L !
. | = ) K
R(s) 1+G(s)H(s) 1+0.1m
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K

C(s G(s oy
6. closed loop transfer function ( ): (s) — (1+K)5’;<1
R(s) 1+G(s)H(s) 1+o.1m
K

0

7. characteristic equation 1+ G(S) H (S) =0 1+0.1 e

=(1+K)s+0.1K =0

Ex4: Find the transfer function of the following block diagrams

R

=] v GQTGS-E

Nm

Q

9:‘ _’ l,ifm e
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1G]
R GGG ¢ R GGG
R ON O G,G,G, ¢ s > - s
oé‘ _> 1-G,G,H, g 1-GG:H, + GGH,

Ex5: Reduce the Block Diagram

Ris) Gy +

+® +®_. Gots) |=| Gus Cis)

11 L

H(s)

Hy(s)

Hs(s)

First. the three summing junctions can be collapsed into a single summing junction,

Ri{s)

G (5) SO

- G_—,;{S}

H](S—'} et

Hz(.f—'} d

Hs(s)

Second,recognize that the three feedback functions, {1 (s), H2(s), and H5(s), are

connectedin parallel. They are fed from a commonsignal source. and theiroutputs are summed.
Alsorecognize that Ga(s) and Ga(s) are connected in cascade.

R(s)
_—

c(
G,(s) i®_.. Go(5)Gols) )

H]{S} - HJ{.Y} + H_}(.’i\l

Finallvy, the feedback svyvstem is reduced and multiplied by G4(s) to yield the
equivalent transfer function shown in Figure
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R(s) G s G (50 (8) C(5)
—_— -
1 + Ga(sdGois) [ Hj(5) — Ha(s) + Hiis)]

H.W1: Find the transfer function of the following block diagrams

Y(s)

H.W2: Simplify the block diagram then obtain the close-loop transfer function C(S)/R(S).

|

Ris) Cis)
—p—@—b— Gl *%— Gz i % Gl-; - G4 —

H | t H,

r 3

Multiple Input System

EX1: Determine the output C due to inputs R and U using the Superposition Method

U
C
R + G, +u G,

sol: according to the principles of superposition, then, we must try to find the o/p considering
one i/p at time
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Step 1: Put /=0 - N Ca
Step 2: The system reduces to (‘_} G,G,

Step 3: the output Ci due to input R is Cg = [G,G, /(1 + G, G3)]R.

Stepda: Put R=0,
Stepd4b:  Put —1 into a block, representing the negative feedback effect:

U
+ :
G + /L G CU U + G’ Cl/

1 \ AN Rearrange the block diagram: i
-1 - G|
-1
. . . U - C
Let the —1 block be absorbed into the summing point: oy {‘/\ Ga =
G,

Step 4¢: the output C,, due to input U is C,, = [G>/(1 + G,G,)]U.

Step S: The total output is C = Cgx + C,
] GG ] O
= 72 R+ — U
- G, -
- G, R+ U
i 1+G,Gz_[ ! I

Asst. Lec. Haraa Raheem Page 9



Control

Lec. 3
Multi-Input Multi-Output System
Ex1: Determine C1 and C2 due to R1 and R2.
R, =7\ G, C,
G,
Gs
R & c
2 +_v G, 2
R, + G
First ignoring the output G,. ‘ : \fL, Gy -
Gy — G,
+
R,
R+ G, Cyy
Letting R, = 0 and combining the summing points, '
+
G466y

Hence C),, the output at C; due to R, alone, is C); = G, R, /(1 — G,G,G3Gy).

For R, =0, Ry +,\ Cis

T = —G1GyG, r -

Gy

Hence Cy, = — G,GyG, R, /(1 — G,G,G,G,) is the output at C, due to R, alone.

Thus C, = G, + C;, = (G R, — G1G3G4R,)/(1 — G,G,GyG,)
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Now we reduce the original block diagram, ignoring output C,.

R
2+ G,

L G,Gy W Vo

WhenR1=0 sy -2t

WhenR2=0 b T_

C
. o G, “+ Hence Gy, = GyR,/(1 — G,G,GyG)
L

GGGy

C
of =166, =

HC[ICE CZI = - 616264 Rl/(]' - 61026364}

Gy

Finally, GG = G, + G, = (GyR; — GGG R,) /(1 — G1G,G4Gy )
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Signal Flow Graphs

The block diagram is useful for graphically representing control system dynamics and is
used extensively in the analysis and design of control systems. An alternate approach for
graphically representing control system dynamics is the signal flow graph approach, due to S.
J. Mason. It is noted that the signal flow graph approach and the block diagram approach
yield the same information and one is in no sense superior to the other.

Definitions: Before we discuss signal flow graphs, we must define certain terms:

+ Node: A node is a point representing a variable or signal.

« Transmittance: The transmittance is a real gain or complex gain between two nodes.
Such gains can be expressed in terms of the transfer function between two nodes.

+ Branch: A branch is a directed line segment joining two nodes. The gain of a branch is
a transmittance.

+ Input node or source: An input node or source is a node that has only outgoing
branches.

+« Output node or sink: An output node or sink is a node that has only incoming

branches.

Mixed node: A mixed node is a node that has both incoming and outgoing branches.

Path: A path is a traversal of connected branches in the direction of the branch arrows.
Loop: A loop is a closed path.

Loop gain: The loop gain is the product of the branch transmittances of a loop.

Non touching loops: Loops are nontouching if they do not possess any common nodes.
Forward path: A forward path is a path from an input node (source) to an output node
(sink) that does not cross any nodes more than once.

<+ Forward path gain: A forward path gain is the product of the branch transmittances of

a forward path.

D)

R/
0’0

3

0

3

%

3

%

3

%

/7
0‘0

4

X4 Input node
Mixed node (Source)
Y,

N
a NtE|,~'.‘rg b \ noo |

O o - = 4
X +
[nput node Output node
(Source) {Sink)

¢
Figure of Signal flow graph

Asst. Lec. Haraa Raheem Page 12



Control Lec. 3

Signal Flow Graph Algebra

A signal flow graph of a linear system can be drawn using the foregoing definitions. In
doing so, we usually bring the input nodes (sources) to the left and the output nodes (sinks) to
the right. The independent and dependent variables of the equations become the input nodes
(sources) and output nodes (sinks), respectively. The branch transmittances can be obtained
from the coefficients of the equations. To determine the input-output relationship, we may
use Mason's formula, which will be given later, or we may reduce the signal flow graph to a
graph containing only input and output nodes. To accomplish this, we use the following
rules:

1. The value of a node with one incoming branch, as shown in Figure 3-1(a), is x2 =
ax1.

2. The total transmittance of cascaded branches is equal to the product of all the branch
transmittances. Cascaded branches can thus be combined into a single branch by
multiplying the transmittances, as shown in Figure 3-1(b).

3. Parallel branches may be combined by adding the transmittances, as shown in Figure
3-1(c).

4. A mixed node may be eliminated, as shown in Figure 3-1(d).

5. A loop may be eliminated, as shown in Figure 3-1(e). Note that x3=bx2,x2 = ax1 + cx3

()

()]

@ 4 &
L ] Xy Xz - Cr————
b | e

L

) i -

e ) = = C———
Ced x) t Sx_—. x E ) k3 B
P

Figure 3-1 Signal flow graphs and simplifications
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Control
Hence x3 = abx1+bcx3 (1)
_ab
X3_1—bc X4 (2)

Equation (1) corresponds to a diagram having a self-loop of transmittance bc. Elimination of the
self-loop yields Equation (2), which clearly shows that the overall transmittance is ab/(l - bc).

Signal Flow Graphs of Control Systems:
Some signal flow graphs of simple control systems are shown in Figure 3-2. For such simple
graphs, the closed-loop transfer function C(s)/R(s)[ or c(s)/N(s)]Jcan be obtained easily by
inspection. For more complicated signal flow graphs, Mason's gain formula is quite useful.

Ris) N r;‘(;‘)‘ {_'(.\]-_ sy
| Ris) (s)

[&E)] 1 Gis)

RIs) Els)
Gix O -
@ ) ) E{,-Ucm

His} I-— —fiis)

N(s)

Nixd
+ 1
Ris) Els) Cils) L i) G,ls)
I T W R
Ris) E(s) {8
His) |~ =His})

N
Msd
(0 L s

s}
+ 1
Rix)y D" EXx) Tx ° 1 o
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— .—*‘-'-" i E—1— Ris) wﬂ{-ﬂ <)
L
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—— | ) (5 i—————»
Ryis) [T ] Cyi)
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Figure 3-2 Block diagrams and corresponding signal flow graphs
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Mason's Gain Formula for Signal Flow Graphs

The block diagram reduction technique requires successive application of fundamental
relationships in order to arrive at the system transfer function. On the other hand, Mason’s
rule for reducing a signal-flow graph to a single transfer function requires the application of
one formula. The formula was derived by S. J. Mason when he related the signal-flow graph
to the simultaneous equations that can be written from the graph.

The transfer function, C(s)/R(s), of a system represented by a signal-flow graph is:

Cc(s) 2_PA,

i=1

R(s) A

Where

n = number of forward paths.

P; = the i ™ forward-path gain.

A = Determinant of the system or is a series of summation of the untouched loops
A; = Determinant of the i forward path

A is called the signal flow graph determinant or characteristic function

A = 1- (sum of all individual loop gains) + (sum of the products of the gains of all possible

two loops that do not touch each other) — (sum of the products of the gains of all possible

three loops that do not touch each other) + ... and so forth with sums of higher number of
non-touching loop gains

Aj = value of A for the part of the block diagram that does not touch the i-th forward path (A;
= 1 if there are no non-touching loops to the i-th path.)

Solution steps by Mason's rule

Calculate forward path gain P; for each forward path i.
Calculate all loop transfer functions

Consider non-touching loops 2 at a time

Consider non-touching loops 3 at a time

Etc

Ok e
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6. Calculate A from steps 2,3,4 and 5
7. Calculate A;as portion of A not touching forward path i

Examplel: Apply Mason’s Rule to calculate the transfer function of the system represented by following
Signal Flow Graph

L B
Y=
LAW!

There are two forward paths:
P, = G,G,G, P, = G,G,G,

Therefore C BRA,+PRPA,

R A

There are three feedback loops
L, =GG,H,, L,=-GG,GH,, L;=-GGG,H,
There are no non-touching loops, therefore
A = 1- (sum of all individual loop gains)
A=1-(L +L +L,)
A= 1_((31(34H1 —G,G,G4H, _GIG3G4H2)
Eliminate forward path-1
A; = 1- (sum of all individual loop gains)+... —> A =1
Eliminate forward path-2

A, = 1- (sum of all individual loop gains)+... — A =1

C PA +PA, G,G,G, + G,G,G, N G\G4(G, + Gy )
R - & 1 _ 6164 H[ + G]GQG;;H; + GIGSGd HZ 1 - G]G4 H] -+ GIGEGdHI -+ 6163641 Hz
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Example-2: Determine the transfer function C/R for the block diagram below by signal
flow graph techniques.

Sol: 3

» The signal flow graph of the
above block diagram is shown -H,
below.

we

» There are two forward paths. The
path gains are

P, = G,G,G, and P, = G,
» The three feedback loop gains are
Li=-GzHy, Lo= G1GoHy, L= -G,G3H;
* No loops are non-touching, hence
A=1-(L+L,+L,)
Because the loops touch the nodes of P1, hence == A, =1
Since no loops touch the nodes of P2, therefore === A,=A.

Hence the control ratio T = C/R is:

T P].ﬁl + P:&z 616263 + (;4 + GZG4H|. - GIGIG‘ H]_ + G:G]G‘ J!:
ﬁ 1 + GI Hl. - G]G: H] + 'G:G] HJ_
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Example-3: Find the control ratio C/R for the system given below.

> Gy

!

Sol:

» The signal flow graph is shown in the figure.

Hl G‘

* The two forward path gains are

Pl = G]G:G?‘ Hnd .Pz = GIG4
» The five feedback loop gains are
L1= Gi1GyH1, Lo= GoG3Hy, L3= -G1G,G3, La= G4Hy, Ls=-G1G4

There are no non-touching loops, hence

A=1-(L+L,+ L +L,+L;) =1-GiGoHr- GoGsHy+ G1G:Gs- GaHa+ GGy
All feedback loops touches the two forward paths, hence  wemy A =A, =1

Hence the control ratio :

R d - 1 -+ GIGZ 3 GIGEHI - GZG3H1 - G‘ ffz + GlGii
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Example-4: Find the control ratio C/R for the system given below
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