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Asst. Lec. Hussien
Yossif Radhi

Lecture six: Complex
Variable

«» Complex Number

Since there is no real number (x), which satisfies the polynomial
equation x2 + 1 = 0,or similar equations, the set of complex numbers is
introduced.

The complex number can be written in the form of (a + bj), where (a, b)

are real numbers and () is (vV—1).
 Properties of Complex Number
#+ The two complex numbers (a + bj) & (¢ + dj) if [a = c]&[b = d]
* (a+b)F(c+d)=(@Fc)+(bFdAd)j
* (a+ bj) * (c+dj) = (ac — bd) + (bc + ad)j

(a+bj) _ (a+bj)x(c—dj) _ (ac+bd)+(bc—ad)j
(c+dj)  (c+dj)*(c—dj) (c2+d?)

#+ The complex conjugate of (a + bj) is (a F bj)
4+ Absolute value of a complex number [z = a + bj] is |z| = |a + bj]
4 =VaZ 17

+ The distance between two complex numbers [z, =a + bj] & [z,

=c+djlis|z; — z,] =/ (a—c)2 + (b — d)?
# The polar form of the complex number [a + bj]is (re/?) where
r=+a?+b?,and g = tan‘l(g)

+ e/9 = cos(8) + jsin(6)

. —1 when (n)is even
n _
0" = { 1 when (n)is odd

* If 2z, =1,e/91& 2, = 1r,e7%2, then z;.z, = 1y1,e/(01762)

1 1 V4 T : _
* Ifz; =11/%1& 7, = 1070 then = = ¢/ (02702)
2 2

+ Ifz =7re/? then z" = rnhe/n?

1
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1

. POt . o
* If z=re/® then zn = rne’Tx ? or in rectangular coordinate if

. 0+2mk

z= a+bj,then zV/* = [ r (cos 6 + ] sin 8) 1*/™, where k = 0,

+1,+2,........

Figure (1) shows how to convert from rectangular form to polar form,
which gives: 4 Real
r=x%+y%y y
0= tan‘l(g) r= +y?
X =71 cos6 0
y=71sin6 X I;nag
Not that (0) in radian Fig (1)

% De . Moiver's Theorem
If z, = x,+] y;=1; (cos@; +jsin6;) =re/1 &
Zy = Xy +jy, =15 (c0s O, + jsin 6,) = r,e’%?
Generally
71297374 . Zy = TiToT30y ... Tp[cOs(O0; + 6, + 65 + 6, + - 0,) +
jsin(6; +6,+05;+6,+--6,)]
Ifz, =2z, =23 =2, = = z,, then
21227374 ... Zy = = 1"[cos(On) + jsin(6n)
Exi/ for (z; =3 +j4),(z, = =2+ j1) & (z3 = j) find and plot (z,z,23)
Sol:

From De. Moiver's Theorem

717275 = 111y13[cos(6; + 0, + 63) + jsin(6; + 0, + 653)

n=B)?2+®? =56 =tan"*(3) = 53.13°

r,= (=22 + (D? =5, 6, = tan™! (7) = —26.57°
=02+ (D =1,6, =tan"* (5) = 90°
2
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—

212,73 = 5V5[c0s(53.13° — 26.57° 4+ 90°) + jsin(53.13° — 26.57° +

90°)
= 5v5[cos(116.6°) + jsin(116.6°)
= —-5+;10

4 Real

y
r=5V5
\{16. 6°
X Imag

1
Ex, : find /1 — j2
Sol:
Sincez =1—j2&n=4,thenk =10,1,2,3]

r=4(1)%+ (2)?
=5

-2
_ -1
0 = tan (1)

96.56°

2
=521

. 0+2mk
JC—)

=(5)8e/C 2 )

1 . 52m+2m(0)
0= (5)pel 4

3
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- (5)% ef(%’)
1 13 .. 13
= (5)s [cos (En) +]sm(En)
=—0.72 —j0.99
Ifk=1—

1 .(5.2m+2m(1)
n=(pel )

= (5)% ej(gn)

(5)% [cos (zn) +jsin(§7r)

=0.989 —j0.72
Ifk=2—

1 .(5.2m+2m(2)
z, = (5)8 e’( )

= (5)s /o™

1 23 . .23
(5)s [cos (En) +]SIH(ET[)

=0.72 +j0.989
If k =3—

1 .(5.2m+2m(3)
n= @)

- (5)s J(57)
= (5)% [cos (%n) +jsin(%n)

=—0.989 + j0.72

4
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<+ Complex Variable

If to each of a set of complex numbers which a variable z may assume
there corresponds one or more values of a variable (w), then w is called a
function of the complex variable (z), writtenw = f (2).

A function is single-valued if for each value of (z) there corresponds only
one value of w; otherwise, it is multiple valued or many-valued. In
general, we can write [w = f (z) = u(x,y) + iv(x,y)], where (u) and
(v) are real functions of (x) and (y).

Exsd w = 2z%2 = (x + jy)? = x*— y? + 2ixy = u + iv so that
(xy) =x*— y* v(x,y) = 2xy.

These are called the real and imaginary parts of w = z? respectively.
Ex,/ find (v & v) in term of (x & y)if g = u? — jtan™1(v), z = In(x) —
jy,andg =z —2

Sol:

Sinceg=z—-2—->g=In(x) —jy—2

—u? —jtan"1(v) =In(x) — jy — 2

u2 =In(x) =2 > u=In(x) -2

tan"1(v) =y -» v = tan(y)

Exs/ write the function w = z2 + eZ in the form w= m(x,y)+JU(X,y)

Sol: setting z= x+Jy

z=1(z) = (x+jy)* + 2(x +jy)

W=x2-y? +J2xy+2x+2]y

W=(x2-y2+2x) +J(2xy+2y)

W=(x-y?+2x) +2J(xy+y)

u=x2+2X-y?  &v=2(xy+y)

5
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Exs/ graph the function [w = z?] in (uv) plane?
Sol:since z =x + jy
w72 = x2 —y? + 2jxy
w=u(x,y) +jv(x,y)
Where u = x? —y? , v = 2xy
z w
X u v
0 1
V2 V2 0 4
1/V2 1/V2 0 1
0 1 -1 0
-1 0 1 y 0
A
v A
0 — 2m
> X

0 - m

AN L !
NI

Fig (3)

+»» Derivative of Complex Variable

Ifw=f(2),w=u+jv,and z = x + jy, then

dw du dv
'E;==a;“+]a; ......... (1)
dw du dv
E§*=EE'FJE; ......... (2)

6
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+» Cauchy- Riemann Conditions

The following two conditions are called Cauchy- Riemann Conditions,
and these two conditions are considered two now if the function of

complex variables are analytic or not.

w_dvo 3

dx dy

w_ @)

dy dx

Proof:

Sincew = f(2)
w=u+jv,andz = x + jy
dz_ dr_

dx dy

dw _dfdz_df . (5)
dx dz dx  dz

From equations (1&5), it can be found that
df du dv

T = de +j— Te (6)

In addition:

dw df dz d

o _dfd_
df du dv

)z dy T dy
Substitutes equation(6) in (8)
du dv du dv
J (dx J dx) dy gy dy
du dv du dv
J dx dx dy gy dy -
W g 9
dy dx dx dy
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s Analyticity

The most important condition that must be considered to decide that
the function is analytic or not is the Cauchy-Riemann conditions, the
function must be regular within a region (R) which means that all points
(zo) In the region (R)is single valued in this region and have a unique
finite value.
Ex/ is the following function is analytic or not?

f(2) = cos(z) where z = x + jy

ez + e72
f@) = ———
QICHY) 4 @miCrHy)
- 2

1 . .
=37 (e*e™ + e *eY)

[e™Y(cos(x) + jsin(x)) + ¥ (cos(x) — jsin(x))]

[e™Y cos(x) + €Y cos(x) + je Vsin(x) — je¥Ysin(x)]

= NIRr N

== [(e¥ +e™¥) cos(x) + ji(e™Y — e¥)sin(x)]

This mean
1
u=sz (e¥Y +e™¥)cos(x)

V=g (e7Y —eY) sin(x)

du -1 o

a=7(ey+e ¥} sin(x)

O L (—e Y — ) sinx) = (e + e sin(x)
dy_Z(e e)smx—z(e e ) sin(x
d

%zi(ey—e‘y)cos(x)

8
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dv_-1 (e —eY)cos(x) = 1(ey —e¥) cos(x)
dx 2 )

Since

du dv du dv

&l YT @

=~ The function f(z) = cos(z) is analytic function.

Exg/ If (Z = x + jy), is the function (G = é) analytic or not?

Sol:

2 2y
du _ 2(x% + y?) — 2x(2x)
dx (x? + y2)?
2%+ 2y% — 4x?
o (xz + y2)2
_ 2y* —2x?
- (x2 + y2)2
dv  —2(x* +y%) + 2y(2y)
dy (x% +y?)?
_ —2x% =2y + 2y(2y)

(x2 + y2)2
_ 2y? —2x?
o (x2 + y2)2

And in the same way

9
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Variable Yossif Radhi

du  —2x(2y)
dv (x? +y?)?

—4xy
CEERE
dv  —2y(2x)
&~ G 4y

—4yx
L _dvopdu v

dx dy dy dx

This means that the Cauchy-Riemann conditions are satisfied but not only

for all points, for example the point (0, 0)

1 d -1
Aty =0->u=-and ===
x dx x
.. -1 d -1
Similarlyatx = 0 »v = —and — = —
y dy y

duidv&du_ dv_O
dx “dy dy  dx

~The Cauchy-Riemann conditions are not fully satisfied, since the
function (G = %) is not analytic at point (Z = 0)

«» Some Important functions

1- Harmonic

Re call Cauchy-Riemann conditions:

du dv

a - @ ......... (3)
du dv

E;=D—a; ......... (4)

Derive the two sides of equation (3) with respect to (x) and the two

sides of equation (4)

10
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d*u _ d*v 10

rreiatrer R (10)

d*u _ d*v 1

7 Gy (11)

From (10) & (11) it can be found that

d*u _ d*u

dx?2  dy?

Exo/ if (z = x + jy) is the function (w = z + 1) harmonic or not?
Sol:
Since=u+jv,thenu+jv=x+jy+1

—-u=x+1&v=y

du d*u 0
—_— —_ — =
dx dx?

du 0 d?u 0
_ = - — =

dy dy?

-~ the function is harmonic.

Hw,: if (z) is acomplex number and [G = e®~D], is (G) function is

harmonic or not.

Hw,: and find prove that (w = e *(xsin(y) — ycos(y)) is a harmonic

function, and find each of (u &v) if (w = u + jv)
Hws: is (w = V22 — 2) harmonic function or not, if (z = x + jy).
2- Elementary Function

Such as exponential function (f(z) = e®) which is analytic function, to
prove that:

If z=x+jy > e?= e*) = e*(cos(y) + jsin(y))
11
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— X .EE__ X EE—-_ X i
— u = e*cos(y) - = cos(y) & o sin(y)

: LA i av _
v=-e*sin(y) - — = e*sin(y) & v e* cos(y)
s Complex Integration
In this section, two types of integration will be illustrated
1- Line integral

Which is denoted by f £(2)dz
or [ f(2)dz
Forf(z) =u+jv&z=x+jy »dz=dx+jdy
— [ fedz: | (+jp)dx+jav)

f f(2)dz : f [(udx — vdy) + j(udy + vdx)]
Exio/ find ( [ e? dz) from [z = 010z = 2 + j2] J

(2+j2)
Sol: )
First path: |
Fromz =0+ j0toz =3 + ;0 < —e > x
3
In this path (x) changes from (0) to (2) & (y) remains cons.
e = ert Fig (4)
= e*[cos(y) + jsin(y)]
=e* cos(y) + je*sin(y) » u = e* cos(y) & v = e* sin(y)
x=0to2)&y=0-
12
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I = foz[ex cos(0) dx — e*sin(0) dy] +j foz[ex cos(0)dy+e* sin(0)dx]

=f02 e* dx

=(e* - 1)
For the second path:

y=(0to2)&x=2->

I = foz[e2 cos(y)dx — e?sin(y) dy] +j foz[e2 cos(y)dy+e? sin(y)dx]

— foz e?sin(y) dy + j foz e? cos(y)dy

= e*[cos()]5 + je?[sin()]§

=e? cos(2) — e? cos(0) + je? sin(2) — e? sin(0)
= e?[cos(2) + j sin(2)] — e?

= e?(el2-1)

alp= (2 -1+ e?(e?2-1)

—elt -1

Exi1/ finc f (z? — 2)dz, if (z)changes from (—1+j1) to (2 +j1) &

(y=2x) "
Sol:
flz)=2z?-2

= (x> —y2+2jxy) pu=x*—y?&v= 2xy

— 1= [[(* = y?)dx — 2xydy] +] [iGe? = y)dy + 2xyda]

Since (y = 2x — dy = 2dx), then

13
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2

2
1= f [(x? — 4x?)dx — 8x2dx] +jf [2(x? — 4x2)dx + 4x%dx]

-1 -1
== [8+ 1]+ [8+1]
=33+/6

+» Change of Variable

Let z = g(a) be a continuous function of a complex variable ¢ = u +
jv suppose that the curve (c)in the (z) plane corresponding to curve (<)

with the (a)plane & that the derivative g(a) is continuo's on (<) then :

[, f(z)dz= [ f{g()}g(@)dar

Exi2:- evaluate J, zdz from z=0 to z =4+ j2 along the curve c
givenby z = t% +jt ?

Sol:-heret = «

gt) =t?+jt = gt) =2t+j

when z = 0

Since z=t?+jt > t=0

7 =4+2j

L A4+2f =t +jt > t=2

# [ zdz= [ (2 +it)(2t + j)dt

=6+ 8j

Hw,/ evalute [ zdz from z =1+ j3 to z =2 + j4 along the curve (c)
given by z = e ¥

14
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Remark;: when the direction of the counter integration is changed the the

sign of integration changes too.
Remark,: Simple closed curve, simple & multiply connected region.

A curve is called a simple closed curve if does not cross it self figure
(5.1) is a simple closed curve while figure (5.2) is not simple closed & is

known as multiple curve .

Fig 5.2 Fig5.1

Remarks: Aregion is called simple connected if every closed curve in the
region enclosed point of the region only . aregion which is not simple
connected is called multiply connected for example :The region between
two concentric circuit r, < |z —z,| < r, asshown in figure (6) is an

example of amultiple connected region .

Fig .6

[a simple connected region is one which has non hole ]. A region with
one hole is called double connected region with two holes is called triply

connected(x) so on.
15
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Lecture six: Complex
Variable

+» Cauchy's theorem of integral

This theorem states that, when f (z) is analytic & f(z) is continuous
inside & on simple closed curve, then

jg f(z2)dz=0....... (12)

This integration is called a contour integration.

If f(z) is analytic in the doubly connected region bounded by the curve
¢, &c, as illustrated in figure (7) then:

ﬁf(z)dzzjgc f(2)dz ... ... .. (13)

=

Fig(7)

Exi3/ evaluate [9’SC1 i—za ], where (c) is any simple closed curve &(z = a)

is
1- outside the curve (c) imag. O ,
2- inside the curve (c) T Q
Sol: " Real
Fig (8)
1- outside the curve (c)
dz _
9. = =0

2- inside the curve (c)
Let be a Circular of radius (¢,), with center at Z = a so that (I') is

inside (c) , recall Cauchy's theorem for multiply connected Region

16
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¢c1 f(2)dz = 9502 f(2)dz imag |z—a| =rel?

z—a =€ e (z= e +a) c
diff . both side
dz=je e/?do Fig (9)

o
For counter integration around the circuit of radius (¢,) , lower

v

real

limit (6 = 0) & upper limit (6 = 2n)

. ig
._.¢ E_ ]631 ae :jiozndezznjzéc

T z—a T ee/+a—a

dz
(z-a)

+» Cauchy's integral formula

If f(z) analyticall inside & on asimple closed curve (¢ & z,) is

any point inside (c) then :

1 f
@) =56, z—(zz Az o .. (14)
f .
or ¢ Zf—Zdz:Zn] F(Zy) o (15)

The derivatives of (n) order for f(z) at (z = z,) is given by

_n f(2)
fn(Zo) - E ¢C W dz ......... (16)
wheren =1,23,....... order of derivative .

EXx.4: evaluate gSC (Z_:—__Z) dz, where (c) is the circle, |z|= 3?

)(z
Sol:
Decompose the denominator

1 _ B A
(z-3)(z-2) T z-3  z-2

—

17
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Bz—ZB+Az—3A_ 1
(z=3)(z-2) (z-3)(z-2)
—Bz—2B+A4Az—3A=1

— B4+A=0 ... (17)
2B—34A=1 ...... (18)
Multiply equation (17) by (3) and adding the two equations
(17),(18)
— B+34A=0 ...... (19)
2B—3A=1 ...... (20)

3B=1-B= %substitutes in equation (17) then

ltA=0-54=-1
3 3

-z

dz—gSC .

According to the Caushys integral formula

e
T L O 54

§ — = —dz=2mjf(3)

=2nje-3

-2

&gﬁc( _dz=2mje"

This means that ¢ m

z=§[2nje‘3+2nje‘2]

cos(Zz)

)3

Exis: evaluate 93 where (c) is the circle |z|=3?

Sol:

By Cauchy's formula
n _ n! f(2

f (ZO) - 2mj ¢C (z—2zy)"*1 dz
n+l1l =3 =>n=2

f(2) =cos(2z) » f(z) = -2 sin(Zz),F(z) = —4cos(2z)
f(z) = —4cos(2z) —>F(7T) = —4cos(2m)

18
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Lecture six: Complex

Variable Yossif Radhi
f(m) = —4
H
= _ 2 f(2)
f(T[) - 2 ﬁc (z—24)"*1 dZ
f(2) _

¢c (z—7,)"*1 dz =—mj * —4

= —A4mj
1 zZX . . R

Hws: Show that —— $ ;H dz = sin(x), where (¢) is a circle
|z|=3
Exqel if (¢) is acircle [|z + 2| =3], evaluate §, —— dz

Sol:
Since |z + 2| is a circle that centred at (—2 — j0)
and has raduis = 3

z2+1=0
z2= —-1-5z=4j
The two points [z =j, z= —j] are located inside the circle
therefore
2
1) § —— dz=2mj f(~))
= 2mj (—))*
= —2mj
2
2-)§ —— dz=2mj f())
= 2mj (j)*
= —2mj
. Z2 - .
f: o dz = —2mj — 2mj
= —4mj

Remark,: if f(z) is analytic at any point except at (z = z,), then this

point is called pole which is divided into [simple pole & pole of order (n)]

Remarks: when the analytic function has poles, then such function have a

singularity at these poles.

19
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Lecture six: Complex
Variable

Remarks: if the pole of analytic function can be removed by taking

[lim,_,,_ f(2)], then this singularity is called removable singularity.

Remark-: if the pole cannot be removed, then this singularity is called

(essential singularity)

Remarks: the analytic function is called entire function if this function is

analytic at all points except at (+o0)

Exi4/ classify each of the following functions

1)@= hem D@ =5 A @="

"z

4-) f(2) = cos(z)
Sol:

1- For the first function f(z) = ﬁ

This function is analytic with simple poles (1,—3) and has removable

singularity

-3

Apply HR — llmz_,l m =

lim. 7 1)( 2+3)

Moreover, lim,__; (

—1)( 3 Apply HR — llmz_>1( 1)(3)

—Z

(z—-8)*

2- For the function f(z) =

This function is analytic with pole (8) of order (4) and has removable

singularity

—Z

lzlgé (z 8)t

Apply H.R - 11m ApplyH R - llm

(z— )3 8 12(z—8)2
20
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Lecture six: Complex

Asst. Lec. Hussien

Variable Yossif Radhi
e—8
Apply H.R - 11 im 4(2 K Apply H. Ril_r)ré—4 = S5
1
3- For the function f(z) = —1 = ez
e z

This function is analytic with pole (0) and has essential singularity
4- For the function f(z) = cos(2)

This function is analytic on all the field except at (+o0) then it is called

entire function.

+» Residue Theorem

The residue of a simple pole is given by
R (f,zy) = R(zy) = ZlLr? (z—20)f(2) e on e (21)

And the residue of a pole with order (n) is given by

n-1

1 d
R (f,zy) = R(zy) = hm =Dz [(z = 20)"f(2)] eve voe oo (22)

Ex,¢/ evaluate the residue of (f(z) = = 2)2

Sol: since the pole (2) has order (n) then the residue is given by

1 1 ) -z
1 -
R(2) = lim [e™7]

(2 — 1) z-2dz?

= lim(—-e?)— R ((2) = —e?
z—-2

21
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Lecture six: Complex
Variable

Remarky: if f(z) is analytic on a simple curve (c) except at an arbitrary
points (a, b, c, ...)that lies on or inside the curve (c), then it has a residue
Remark,,: before solve the integration using residue theorm it is
important that to draw the curve (c) to know which poles inside the curve

and which not.
ff f(z)dz = 2nj[R(a) + R(b) + R(c) + ...] v e (23)

Or ¢ f(2)dz=2mj 3 oR(Z) ... oo .. (24)

Exqo find 45%@ using residue theorem on the curve [z = 2]

Sol:
1- Draw the simple curve [z = 2]
2- Findthepoles[z=1,z=3] < : . . .
3- Find the residue of the poles that lies -3 -2\ -1 1 /2 3

v
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Inside the curve [z = 2]

Only [R(1)] is considered

Fig (10
cos(z2) 8 (10)

z-D@z-3)

R(1) = lim(z — 1)

~ cos(z)
RQ) = y—I}} (z—-3)
- cos(1)

N R(l) — cos(1) — ¢L(Z)dz — 27'[] * [_?1(:05(1)] -

(1-3) (-2) (z=1)(z-3)

4; cos(z)

m dz = —ZﬂjCOS(l)

22
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Lecture six: Complex

Asst. Lec. Hussien

Variable Yossif Radhi

HWG,: find gﬁzzfz 5 dz on the circle (Iz — 2 — j3| using residue method.

Exyo/ evaluate ¢ ———— around the rectangle [-2 —j1,2 + j1,-2 + j1

72 \/_ —4
and 2 — j1]
A
Sol:
1- Draw the rectangle —2+/1 2+]j1
2- Solve the equation of _ —V8 +j0 V2 + D -
The denominator
—2-j1 2-j1
V2 2451 (-4)
o 2+ 1
v
Fig (11)
-2 V18 —2+3V2
zZ = 2 i 2 _)2=+_>21=_2’\/§,22='\/§

Orz;=—V8,z, =V2 = 22 +V2z—4 = (z2+8)(z - V2)

Hg;i _ @L
224224 (z+V8)(z—V2)
The first pole = /2 + j0 & the second pole = —/8 + j0

From figure (11), it can be found that the first pole inside the rectangle,
while the second pole is outside the rectangle, therefore the just first pole

is considered.

Vz
(z—+v2)(z++8)

- R(\/E) = lim — vz

R(\/E) = ZILI\T/IE(Z - ‘/E) z2 (Z + \/_)

23
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Lecture six: Complex

Variable Yossif Radhi
\/_
=t~ ROV2) = -
Vzdz o 1
22 +V2z2—4 3
2 .

Remark,,: when f(z) is analytic and does not has a direc singular point

such as (z) = % , where P(z) is any analytic function, while Q(z) is

analytic function at all field except at some poits such as
[sin(2), cos(z), ....]then the residue is calculated as:
P(z,)

R(z,) = 3Gy (25)

EX,,/ find the residue of the following functions:

1- f(z) = tan(2)
2- f(z) = sec(z)

Sol:

1- f(z) = tan(2)

sin(z)

Since tan(z) = p—r
cos(z) =0atz=+(2n+ 1)% -

P(£@n+1)2)=sin(+@n+ 15

Q (i(Zn +1) g) = cos (i(Zn +1) g) -

24
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Lecture six: Complex
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sin(£(2n+ 1) %)
—sin(+£(2n + 1) %)

R(+(2n+ 1)%) _

=—1

2- f(z) = sec(z2)

1
cos(z)

sec(z) =
cos(z) =0atz=+(2n+ 1)% N
P(+@2n+1DY)=1

Q (i(Zn +1) g) = cos (i(Zn +1) g) -

1
—sin (i(Zn +1) %)

R(+(2n+ 1)%) _

zZ

Exy,/ show that ¢ dz = 4sin(%) on the circle |z] = 1

el
cos(mz)
Sol:

cos(mz) =0atz = i%(Zn + 1), since |z| = 1,then only z = + - will be

N |-

considered.

P(z) = e/?,Q (2) = cos(nz) = Q (2) = —m sin(nz)

R =ity 0 =i o r O =%
in addition B (~ ) = — nE_n) L Rr(Y)- enfi
25
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Lecture six: Complex
Variable

6

dz—Zm*R—>gﬁ

cos(mz) cos(mz)

A
dz = 2mj — <%> % 2j

=2

dz = 4sm( )

cos(mz)

< Inverse Evaluation of Z-T using Residue Principle

To find [Z71[f(2)]], the residue theorem can be used as follow

1- Write the equation f(n) = % ¢ f(2)z"tdz......... (26)

2- Find the residue of poles

3- Compute the integral of equation (26)

Exzsf find f(n) for [f(z) = ] using principle of residue

Sol:
— 1 §Z2 ,n-1

fln) = 21 Sﬁz—bz dz
1 _ n—1

R(b) = Ll_r)rg(z 37

= pn

l=¢—22z""1dz
zZ—b

=2mj(b™)

S f) = o= 2™ f() = b"
26
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cos(z)
z2—a?)e~

Ex,4/ evaluate f(n) for [( —|using principle of residue

Sol:

f) = = $ =0 dz

(z2-a2)e~%
Sincez2—a?=(z—a)(z+a)

cos(2)
(z—a)(z+ a)e‘ZZ

n-1

R(a) = li_r)rolt(z —a)

T cos(z) _n-1
=lim,_, Grae—
_ cos(a) p-1

- (2a)e~a

In the same way R(—a) can be found as

cos(z)
(z—a)(z+a)e? z

n—1

R(—a) = zl—iEla(Z +a)

. cos(z) -1
=lim —zn
2274 (z—q)e~7

_cos(-a) - n-1
- (—2a)e? ( )

_—(=D"tcos(@) . \n-1
- (2a)e? (a)

~R= R(a) +R(—a)

_cos(@ n_q (-1D)"™* 1 cos(a) n-1
- (2a)e—a (2a)e? (Cl)

_ cos(a) n-1p. 1l (=t
- (2a) (a) [e‘a

]

ead

27
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Lecture six: Complex
Variable

:95 cos(z) Zn_l dz

(ZZ_aZ)e—Z

_ o peos@ , poq 1 (D!
= 21 [ (o)™ [ - S

s~ f(n) = % cos(a)( Y- 1 [ 1 (_1)n—1]

2a) ed

cos(a)

(2a)

1 ()
fn) = _D ]

@ |-

HW:: if f(2) = [ﬁ] find f(n) using residue theorem

tan(z)

HW- if f(z) = [ ] find f(n) using residue theorem

28
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