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Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

+ Z 1Gamma Function

Let (x) be a real number that is not zero or a negative integer. Then the

gamma function that denoted by (I"), is defined as:

Note that the above integral is not defined for all values of x. In fact we
can only say that I'(x) is defined everywhere except at (0) and for
negative integers.

% Properties of gamma function

1-IF'(x+1) = xI'(x)
Proof:

r(x) = fooo t*le~tdt

Use integration by parts to obtain
letu=e"t >du= —e!

Anddv = 1 5V =1

X
tx o tx

=[—e g + f — e~ tdt
0

X X

=0+ [ t¥e7tdt, but [ t¥e~tdt = I'(x+1)

1
=~ I'(x + 1) this means that I'(x) = % I(x+1)

“T'(x+1)=xI'(x)
2-T'(x) = (x—1)!
Proof:

r'(x) = fooo t*le~tdt

Since
I'x+ 1) =xI'(x) Then
1
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Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

r=0)", rQ)=W,rs=o:!,.... etc
First I'(1) must be found:
r@) = [, t'te~tdt

= f e tdt
0

=1
3- The Gamma function I is differentiable forall x > 0
F(x) = [ In®t* e tdt

T

4-T'(x)I'(1—x) =

sinxm

6- —I(1—x) = I'(~x)
Ex./ Evaluate I'(8)
Sol:
Since I'(x) = (x — 1)!
ThenI'(8) = 7!
= 5040

Ex,/ Evaluate 1€6)
2r (3)

Sol:

re) 5=%4x3rQ)
2I'(3) 2I'(3)
=30

Exs/ Use the principle of Gamma function to evaluate the following
integral f = [~ e™*" dx

Sol:let f = [“e™ dx,andf = [ e dy

2
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Lecture Four: Gamma, Beta
and Bessel's Functions

This means that f2 = [* [“ e~ e™" dx dy

f2 = f j e_(x2+y2) dx dy
0 0

Asst. Lec. Hussien

To solve this dabble integral consider the following figure:

A

y

From the previous figure and according to Pythagoras theory

r?2 = x?+y?
And x = rcosf ,y =rsinf
dxdy = rdrdp

—

f2=Jzf e rdrdp

=[Blg fy e rdr .

Exs/ Find I (%)
Sol:

r'(x) = fooo t*~le~tdt

réy= [Tt e tde
r) = [T

® 1
=j t2e tdt
0

3

V. Radhi
o0 . _1 (o] 5
j e " rdr =— —2e " rdr
0 0
_ _21°
-2e
17 210
=3l
—11 0
—5[ - 0]
1
T2
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Asst. Lec. Hussien

Lecture Four: Gamma, Beta

and Bessel's Functions Y. Radhi
Lett = x? - dt = 2xdx
r (S) - fooozxze_xzdx N 2xe™*"
— T (S) = [xe ™*|¥ + g 1 ?‘— e
3= 0\_ﬁ
2 2 2

In the same way, I (%) can be found as (v )

Exs/ Evaluate fooox3e'x dx
Sol:

By compression with the general Gamma equation
r(x) = fooo t*~le~tdt

Then we find that

(0]

r4) =f x* e *dx
0

_ (0.0
= fo
=3I
Exe/ Find f \/7
Sol:
Lety = —In(x) e =xanddx = —e™”
Asx - 0theny - coandasx - 1theny = 0

1 dx _ (rwe™”
- fo —ln(x) - fo W dy

o -1 1
= [, ¥? e dy Compare with fooo xz te *dx
=1 (3)

2
=\ (prove).
4
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Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

Beta Function

The beta function is a two-parameter composition of gamma functions
that has been useful enough in application to gain its own name. Its
definition is:

1

B(x,y) = j t*"1(1—t)Y 1dt ... (2)

0
If (x = 1 andy = 1) thisis a proper integral. If (x > 0; y > 0) and
either or both(x < 1ory < 1), the integral is improper but
convergent. Beta function can be expressed through gamma functions in

the following way

_IreorQy)
CT(x+7y)

Many integrals can be expressed through beta and gamma functions. Two

B(x,y)

of special interest are:

T

fgsinzx‘l(e)coszy‘l(e )de = % B(x,y)
0

_1rear'(y)
2T(x+7y)

[¢e) p—1
jx dx=TMI(p-—1=—0— 0<p<1
0

1+x sinmp
Ex-/ Prove that B(x,y) = B(y, x)
Sol:

1

B(x,y) = f T - )Y dt

0
Lett=1—u—dt = —du

Ast - 0thenu —» landast » 1thenu - 0
1 1

- f t*" 11 —¢t)Y 1dt = f w1 —uw)*tdu
0 0

~ Bx,y) =@, x)

5
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Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

rayrw)

Exg/ Prove that f(u,v) = 7>

Sol:

r'u) = j t“ e tdx

0
Lett = x% — dt = 2xdx
—TI'(u) = fooo xHx2(2x)e"tdx
—9(®.,2u-1,-x2
=2[, x** e ™ dx

And in the same way

[0¢]

r'v) = Zf yzv_le_yzdy
0

Transforming to polar coordinates [x = pcos® , y = psin@]
g o

rwrw) = 4] f p2 ) =1g=0" 06201 () 5in?~1 (@) dpd @
0 Yo

= 4[f0°°p2(u+v)—1e—pzdp] [fog coszu_l((z))sinz"_l(a))d(z)]
=2T'(u+v)p(u,v)

Tl )

PO =Ty

Exo/ Evaluate [ 01 x*(1 —x)3dx

Sol:

f1x4(1 —x)3dx = B(5,4)
0

_Irore
)
__ 4!x3!
Y

6
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Asst. Lec. Hussien

Lecture Four: Gamma, Beta

and Bessel's Functions Y. Radhi
T oy _ rar
Ex,o/ Show that fOZ sin®*~1(0)cos?v"1(0)d6 = %
Sol:
. _rarw)
Since pu,v) = Tt then p(uw,v) must be equal to

(Zf(? sin?*71(0)cos?v"1(0)d0)

1

B(u,v) = j x*1(1—x)"ldx

0
Let x = sin?(0) - dx = 2sin(0)cos(0) dO

Asx — 0 then 6 50 ,Asx — 1 then 9—>§
fx”‘l(l—x)”‘ldx
0

T

= fz [sin?(0)]" *[cos?(8)]"~*[2 sin(B) cos(0)] dO
0

= [ sin?"(8)sin~2(6) cos?* (8)cos~(0)[2 sin(8) cos(6)] 6

— [7 sin?%1(8) cos?*~1(6)d0 = £

Vs
. (2 oiplu—l 2v—1 _ Irwrw
“ f sin (0) cos (0)do = 2Ty

Exyy/ Evaluate [2 sin®(6)d®
Sol:

s T

fisin6(9)d9 = jisin6(9)cos°(6)d9
0 0

Let2u—1=6—>u=g

And2v—1=0 —>v:%
T

s
- fz sin®(0)de = jz sin®*~1(0)cos?*~1(0)d0
0 0

7
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Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

rayr ()
2I'(u+v)

= [2sin®*71(8)cos*"~1(8)d6 =

rErG) _ s

3 cin6 _
—[2sin®(0)d6 = 2r(Z+) = 3

+» Bessel's Equation and Bessel's Function

The Bessel equation is

_ 1 ) v? B ]
)’+;y+< ——)y— ......... (3)

Or, multiply by (x?)

Xy +xy+ 2 —v3)y=0 ...... (4)

Where the parameter (v) is a given real number which is positive or zero
and represents the order of the Bessel's equation order.

It is one of the important equations of applied mathematics and
engineering mathematics because it is related to the Laplace operator in
cylindrical coordinates. The Bessel equation is solved by series solution
methods, in fact, to solve the Bessel equation you need to use the method
of Frobenius. It might be expected that this method is needed because of
the singularities at (x = 0), however, let us pretend we had not noticed
and try to use the ordinary series solution method:

First: write the equation of (y) and its

y = z ax" > y= Z(n + Na,x" A1
n=0 n=0

_)

5 = Z(n )+ A — 1)a,xntA-2
n=0

Second: Substitute into Bessel’s equation (4), we obtain

8
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Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

Z M+ +A—1Da,x™* + E(n +Va,x™ + Z @, x" A2
n=0 n=0 n=0

[e0]

—1? z ax™ =0 ... (5)

n=0
Equate the sum of the coefficients of (x**” )to zero. Note that this power

Corresponds to in the first, second, and fourth series, and to (n =r —
2)in the third Series. Hence for (r = 0) and (r = 1), the third series does
not contribute since (n = 0).

For r = 2,3,3,4, ... ..... all four series contribute, so that we get a general

formula for all these:

AA—Day +rag —v2a,=0 ... (6.a) forr=0
AA+ Da; + A+Da; —v2a, =0 ... (6.b) forr=1
r+M)(@+A-Da, + (r+Na, +a,_, —via,

=0 .o (6.0) forr =23, ..
From (6a) we obtain the indicial equation by dropping a,
AA—Day+Aag —v%ag =0 ...... (7)

ap[A> —A+A—v%] =0

N

A2—v2=0

TherootsareA; = v &A, = —v

SA— A =20

This means that the solution depends on the value of (v).

Coefficient recursion:

ForA =2, = v.Eq. (6.b) reduces to [(2v + 1)a; = 0] Hence (a; = 0)
sincev > 0.

Equate the sum of the coefficients of (x**7) to zero:

9
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Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

r+ 0@ +A—Dax" A+ + Nax" P +a,_x™r —v2a,x"T =0
( r r r—2 r

[+ +A—=1D) +(r+2) —v?a, + a,_, =0

[(r+2) (r+2) —v?la, = —a,_,

_ —Qy_»
(r+2A)?% —v?

Substituting A = v in (5) gives simply

ar

—Ar_3

,7 = 2. And since a, = 0 then all odd terms will be

equal to zero. Let r = 2m for even parts

Ay = —Yem—2 (9) form =1,2,3, ...

M 22m(m + v) S
From eqg. (9), it can be obtained that:

— __ "%
Q2= 2w+
—daz Qo

a, = =

YT 222w42) 2221(w+ D +2)
In general

— (—1)™ay
2m — 22mml(v+ 1) (v + 2) ... (v +m)

Now (a,,,) is the coefficient of x*+2™ in the eq. (3). Hence it would be

probably be convenient if (a,,,) contained the factor(2Y*2™) in the
denominator instead of just (22™) to achieve this, (ay,,) is
multiplied by (2¥) and getting:

10
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Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

_ (=)™ (2%ao)
Qom = Svizmmior D) (w+2). (v +m)

Since (v!=T(v+1)) then (a,y)is multiplied by (2¥) and
getting:

_ =™ v
Aom = 2V2Mnl(v+m)...(v+2)..I (v+1) (277 + 1)a0]

Since the gamma function satisfies the recurrence relation [(v +
NDIw+j)= rv+j+1)], the factors (v + 1)(v+ 2) ...(v + m) can
be telescoped into the gamma function, and the expression of a,,,can be

written as
)™
2vE2mmir(v+m+1)

Ay = [2°T(v + Da,]

Since a, is still arbitrary, it is convenient to choose:

1
= ——— So that
%o 2Vrw+1)

(—™
2v2mmir(v+m+1)

Aom = Form =10,1,2,...........

The Bessel function of first kind of order (v) is (J,,(x))

oo}

(_1)mxv+2m
()= ) —5—=F—— .. (11)
,ZO UMy ro+m+1)

Since'n)=T'n—1) or 'n+m+1)=m+m)!, forv=n

then:
* —1\"yn+2m
Jn(x) = z n(+2m) e (12)
=0 2 m:(n+m)!
When (v) is not integer and negative then eq. (11) can be written as:
co m _ 2
RO Q. ) . S (13)
v - v_l_zm 1w 4o 1Ay
m=02 m'r(—v+m+1)

11

VY VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV

AAAAAAAAAAAAAAAAALAALAAAAAAAAALAAALAAAALALAALAALAAAAALAAAALAALAALALAALAAAALAAAAALAAAAAAL

AAAAAAAAAAALAAALAALAAALAALALALAALAALALALALALALAALALALALALLAALALALALALAALALALALALALALALAALALALALALALALALALALALALALALLAALALALALALALMALALALALAALALAAMAAAAAAALL



VYV YVVVVVVVVVVVVVVVVVVYVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV]

Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

Eq. (13) represents the second particular solution of the Bessel's equation

of order (v). This means that the general solution of Bessel's equation is:

y(t) = ¢ Jox + o], (%) nn (14)
When (2v) is integer then y, = B y,,(x)
—y(x) =A4],(x)+ By,(x) ...... (15)
Now if (v = 0) then

Y2 = B yo(x)

—y(x) =A4Jy(x) + Bys(x) ...... (16)

+» Derivatives, Recursions

The derivative of J,(x) with respect to (x) can be expressed by J,_;(x)

or/,.1(x) by the formulas:

[xV], ()] =xY],_1(x) (17)
[x7, ()] = —x"Y,.1(x) ... (18)
2
Jora )+ Jorr (0 = 221000 (19)
Joe1(0) = Jou1(0) = 2J,(x) (20)
From equations (17&18), it can be found that:
[V, () dx =xV],(x)+C ... (21)
[x Vi1 () dx = =x"J,(x) + C  ......... (22)
L) == @+ @ e (23)
@ =100 ~Jpua () e (24)
Exys/ prove that [xV],(x)] = x¥],_1(x)
Sol:
The right side
12
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Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

d © —1 mxv+2m
d_ x? [z v+2§n )
SO et m!ro+m+1)

(00]

(_1)mx2v+2m

d
dx Z PR Frv+m+1)

m=0

o (_1)m2(v+m)x2v+2m—1
_Zm=0 2v+2m

m!I'(v+m+1)

oo (_1)m(v+m)x2v+2m—1

m!(v+m)I'(v+m)
200 (_1)mx2v+2m—1
oAM= v Im=L F m)

The left side

v (x) v [y (_1)mxv+2m—1 ]
X _q\X)=X = —
Jo-1 m 02v+2m 1m!I"(v+m+1—1)

(_ 1)mx2v+2m—1

:Zoozo —
m 2v+2m 1m!I"(v+m)

~The left side = the right side
Exual prove that =[x/, ()41 ()] = x[J2, ()= J2,,,., ()]
The right side

d _ _
T o 041 (0] = 2]y ()] p42. () + Jya (0[] (x) + /()]

= @ [ @ @] + o Ol (210~ Joa () +
Jo(@)]

=XV ]y (X) Jy+1(X) Jo(X) Jy+1(x)
= Tt TR 4+ 1), (1) + V)yar () Jy(x) —

X

xJ? 1 () + 7,00 pr1 ()
- _v]v(x)]v+1(x) _]v(x)]v+1(x) + v]v(x)]v+1(x)

13
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Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

+ 0] 0 ) + 2] (0 — %], ()

=x[J%,(0) = J° 1 (0]
Exys/ evaluate [ x*],(2x)dx
Sol:

Lety =2x - x = %&dx=d7y

4
- fx“]g(Zx)dx = f% J3sdy

:;_54]4()/) +c

= %]4 ) +c
Exye/find the result of the following integral [ xIn(x) J,(x)dx
Sol:

Letu = In(x) - du = i & dv = x],(x)dx - v=1x],(x)
- fxln(x)]o(x)dx = In(x) x/; (x) —j]l(x)dx

But [ J;(X)dx = —x7°],(x) then

jxln(x)]o(x)dx =In()x/;(x) +],(x) +c

Ex;;/ evaluate J;(x)
Sol:

Since Jy1(1) + Joa (1) = S J5(x) then
2v
Jor1 () = (@) = Jy-1 ()
—J3(0) =22 (x) = J1 (%)
And since J(x) = 21 (x) = Jo(x)
—J3(0) = 2 [21,(0) = Jo ()| = 11 (x)
14
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Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

8 4
#Jo(0) = L1 () = J1 () = ~Jo(0)

m_o JE
Remark;: when v = %then J1(x) = Ym-o g DRl (26)
2

22+2mm!1“(m+%)

Exqg/ find J1(x)

Sol:

i (_1)mx2mx\/§
jl(x) - Z Lo 3
2 72022 mi T (m +3)

( 1)mx2mx\/§

]1(X) = Zm 01

22

but I (2) v
+2mm![‘(m+1+5) (2) "

( 1)m 2m+1
Then ]1(x) = Zm =0 Gma D)

—>]1(x)—\/751n(x)

In the same way

2
]_%(x) = = cos(x)

Ex,q/ find the result of Js(x)
Sol:
SiNCe Jy— () + Jys1 (1) = =2 J, GOIhen Jyy () = =2 J, (%) = Jpmy ()

—J5(x) = 2J5(0) = J2(2)

21

]3(x) = —]1(x) J_ 1(x)

15
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Asst. Lec. Hussien
V. Radhi

Lecture Four: Gamma, Beta
and Bessel's Functions

~ 560 = 21 @] - 1160
= 5200 = 7] 1) = 100

= ——1 \/751n(x)——\/7 cos(x)

+» Modified Bessel's Equation

The Bessel functions are valid even for complex arguments x, and an
important special case is that of a purely imaginary argument. In this
case, the solutions to the Bessel equation are called the modified Bessel
functions (or occasionally the hyperbolic Bessel functions) of the first and
second kind. In addition, are defined by any of these equivalent

alternatives:

) . N © (%)mn+« .

o((x) - l ]o((lx) - m=0 m! I-'(m_l_cx +1) ......... ( )
T[I—oc(x) - Ioc(x) T t1yy 1o:

koc(X) = E SiIl(OC Tl,') = El Hoc (lX) ......... (28)

These are chosen to be real-valued for real and positive arguments x. The
series expansion for I(x) is thus similar to that for J,(x) but without the
alternating (—1)™ factor. I.(x) & k(x) are the two linearly independent
solutions to the modified Bessel's equation:

x2y+xy — (x? +«?)y=0......... (29)
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