
 

𝑄1: Evaluate each of the following integrals: 

1- ∫ √𝑦
∞

0
 𝑒−𝑦3

 𝑑𝑦  

Sol: let 𝑦3 = 𝑥 →  𝑥
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3 → 𝑑𝑦 =
1

3
𝑥
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3 𝑑𝑥 & 𝑎𝑠 𝑦 → 0 𝑡ℎ𝑒𝑛 𝑥 → 0 , 𝑎𝑠 𝑦 →

∞ 𝑡ℎ𝑒𝑛 𝑥 → ∞ 

→  

∫ √𝑦
∞

0
 𝑒−𝑦2

 𝑑𝑦 = ∫ √𝑥
1

6
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 ∫ 𝑥
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3
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) 

=  
√𝜋
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2-  Find ∫
𝑑𝑥

√− ln(𝑥)

1

0
 

Sol: 

Let 𝑦 = −ln (𝑥) → 𝑒−𝑦 = 𝑥 and 𝑑𝑥 =  −𝑒−𝑦 

As 𝑥 → 0 then 𝑦 →  ∞ and as 𝑥 → 1then 𝑦 →  0    

→ ∫
𝑑𝑥

√− ln(𝑥)

1

0
 = ∫

𝑒−𝑦

√𝑦

∞

0
 𝑑𝑦 

= ∫ 𝑦
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2
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0
𝑒−𝑦 𝑑𝑦 Compare with ∫ 𝑥

1

2
−1𝑒−𝑥𝑑𝑥
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0
 

= 𝛤 (
1

2
) 

=√𝜋 

𝑄2: Prove that  𝛽(𝑢, 𝑣) =
𝛤(𝑢)𝛤(𝑣)

𝛤(𝑢+𝑣)
 

Sol: 

𝛤(𝑢) =  ∫ 𝑡𝑢−1𝑒−𝑡𝑑𝑥

∞

0

 



 

Let 𝑡 =  𝑥2 → 𝑑𝑡 = 2𝑥𝑑𝑥 

→ 𝛤(𝑢) = ∫ 𝑥2𝑢𝑥−2(2𝑥)𝑒−𝑡𝑑𝑥
∞

0
 

= 2∫ 𝑥2𝑢−1𝑒−𝑥2
𝑑𝑥

∞

0
 

And in the same way 

𝛤(𝑣) = 2 ∫ 𝑦2𝑣−1𝑒−𝑦2

𝑑𝑦

∞

0

 

Transforming to polar coordinates [𝑥 = 𝜌𝑐𝑜𝑠∅ , y = 𝜌𝑠𝑖𝑛∅] 

𝛤(𝑢)𝛤(𝑣) = 4 ∫ ∫ 𝜌2(𝑢+𝑣)−1𝑒−𝜌2

𝑐𝑜𝑠2𝑢−1(∅)𝑠𝑖𝑛2𝑣−1(∅)𝑑𝜌𝑑∅

∞
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0

 

= 4[∫ 𝜌2(𝑢+𝑣)−1𝑒−𝜌2
𝑑𝜌

∞

0
] [ ∫ 𝑐𝑜𝑠2𝑢−1(∅)𝑠𝑖𝑛2𝑣−1(∅)𝑑∅

𝜋

2
0

] 

= 2 𝛤(𝑢 + 𝑣)𝛽(𝑢, 𝑣) 

∴  𝛽(𝑢, 𝑣) =
𝛤(𝑢)𝛤(𝑣)

𝛤(𝑢 + 𝑣)
 

Q3: A/ Find the result of 𝐽5
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Sol:  

Since 𝐽𝑣−1(𝑥) + 𝐽𝑣+1(𝑥) =
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√
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𝑄3: B/ Evaluate ∫ 𝑥 𝐽2(√𝑥)𝑑𝑥 

Let 𝑦 =  √𝑥  → 𝑥 =  𝑦2 &𝑑𝑥 = 2𝑦𝑑𝑦 →  

∫ 𝑥 𝐽2(√𝑥)𝑑𝑥 =  ∫  𝑦2 ∗ 2𝑦 𝐽2(𝑦)𝑑𝑦  

= 2 ∫  𝑦3 𝐽2(𝑦)𝑑𝑦 

= 2[𝑦3 𝐽3(𝑦) + 𝑐] 

= 2 [𝑥
3

2 𝐽3(√𝑥) + 𝑐] 

 

 


